Let Γ be a finitely generated group, G C be a classical complex group and G R a real form of G C . We propose a definition of the G R -character variety of Γ as a subset XG R (Γ) of the G C -character variety XG C (Γ). We prove that these subsets cover the set of irreducible G Ccharacters fixed by an anti-holomorphic involution Φ of XG C (Γ). Whenever G R is compact, we prove that XG R (Γ) is homeomorphic to the topological quotient Hom(Γ, G R )/G R . Finally, we identify the reducible points of X GL(n,C) (Γ) fixed by an anti-holomorphic involution Φ as coming from direct sums of representations with values in real groups.
Introduction
Let Γ be a finitely generated group and G be a Lie group. In many contexts, it is interesting to study the representations of Γ with values in G up to conjugation. A crucial example is when Γ is the fundamental group of a manifold M and we study the set of (G, X)-structures on M . In this setting, the space of structures is parametrized locally by the representations of Γ with values in G up to conjugation: it is the Ehresmann-Thusrton principle. See the articles of Canary, Epstein and Green [CEG06] or Bergeron and Gelander [BG04] for a detailed exposition. However, in general, the space Hom(Γ, G)/G, where G acts by conjugation, may not be Hausdorff for the quotient topology, and has no particular structure, so it is difficult to study.
When G is a complex algebraic reductive group, the set Hom(Γ, G) is an algebraic set, and the geometric invariant theory (GIT) allows us to consider an algebraic quotient, that is called the character variety:
X G (Γ) = Hom(Γ, G)//G.
For the details of the construction, see for example the article of Lubotzki and Magid [LM85] , the survey of Sikora [Sik12] or the background section of [Heu16] . This quotient can be considered as a possibly non-reduced scheme X G (Γ) or as an algebraic set X G (Γ), that coincides with the Hausdorffization of the topological quotient Hom(Γ, G)/G. We will mainly keep this last point of view in this article. When G does not satisfy these last hypotheses, it is then natural to try to construct a similar object that would allow to study representations up to conjugation, and to relate it to a character variety. In this article, we will consider the frame of real forms G R of classical complex groups G C . In this case, the character variety X G C (Γ) is well defined as a GIT quotient.
Another case of interest is when G is a compact group, so the topological quotient Hom(Γ, G)/G is also compact. When G = SU(n), Procesi and Schwartz prove in [PS85] that Hom(Γ, G)/G is a semi-algebraic set; we prove in [Aco19] that it can be embedded in the SL(n, C)-character variety of Γ. Furthermore, if K is a maximal compact subgroup of a complex or real algebraic reductive group G, some recent results prove there is a strong deformation retraction from the set of closed orbits of Hom(Γ, G)/G to the quotient Hom(Γ, K)/K . This fact is proven for Abelian groups by Florentino and Lawton in [FL14] , for free groups by Casimiro, Florentino, Lawton and Oliveira in [CFLO14] , and for nilpotent groups by Bergeron in [Ber15] .
In [Aco19] , we propose a definition of character variety for a real form G R of SL(n, C) as the image of Hom(Γ, G R ) by the natural projection Hom(Γ, G R ) → X SL(n,C) (Γ). We consider two anti-holomorphic involutions, Φ 1 and Φ 2 , of X SL(n,C) (Γ) and prove that irreducible characters fixed by Φ 2 lift to representations with values in a SU(p, q) group, and that irreducible characters fixed by Φ 1 lift to a representation with values in a SL(n, R) or SL(n/2, H) if n is even. Moreover, we prove that if the real form is SU(n), the SU(n)-character variety, as a subset of the SL(n, C)-character variety, is homeomorphic to the topological quotient Hom(Γ, SU(n))/SU(n). In this article, we generalize these results in three different directions. First, we extend the definition and the lifting of irreducible characters to the classical complex groups, namely GL(n, C), SL(n, C), O(n, C), SO(n, C) and Sp(2n, C). We prove the following theorem: Theorem 1.1. Let n be a positive integer, Γ a finitely generated group and G C be one of the groups GL(n, C), SL(n, C), O(n, C), SO(n, C) or Sp(2n, C). Let Φ be the anti-holomorphic involution of X G C (Γ) induced by one of the involutions A → A or A → t A −1 . Let ρ ∈ Hom(Γ, G C ) be an irreducible representation such that Φ(χ ρ ) = χ ρ . Then, there exist a real form G R of G C , σ ∈ Hom(Γ, G R ) and P ∈ G C such that ∀γ ∈ Γ : P ρ(γ)P −1 = σ(γ).
In the statement, an irreducible representation should be understood as a representation ρ : Γ → G C ⊂ GL(n, C) such that Im(ρ) has no non-trivial stable subspace for its natural action on C n . In the same way, a real form of G C should be understood as one of the groups listed in Table 1 .
Then, we prove the same homeomorphism result for the character varieties for compact forms of classical complex groups; which is summarized in the following proposition:
Outline of the article: In Section 2, we fix notation for the classical complex groups and their real forms. In Section 3, we recall some background material on the character varieties for the classical complex groups, and define two anti-holomorphic involutions on them. Moreover, if G R is a real form of a classical complex group G C we propose a definition for the G R -character variety of Γ as a subset of the G C -character variety. We devote Section 4 to the proof of Theorem 1.1, giving first a short proof of a similar statement, and then dealing separately with symplectic and orthogonal groups for an elementary proof of the theorem. In Section 5, we consider the compact real forms, and prove in Proposition 5.3 that the character variety for the compact form K of a classical complex group is homeomorphic to the topological quotient Hom(Γ, K)/K. Finally, in Section 6, we consider reducible representations and prove Theorem 6.1.
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Notation and real forms of classical groups
Here, the classical complex Lie groups are the groups GL(n, C), SL(n, C), O(n, C), SO(n, C) and Sp(2n, C), where n is a positive integer. We fix notation for these groups, and recall their real forms, which are classical real Lie groups.
Notation and classical complex groups
For n ∈ N, we let I n denote the identity matrix of size n × n, and, for p, q, n ∈ N, we define the matrices J 2n , I p,q and K p,q by blocks as:
If there is no ambiguity for the integer n, we will often write I instead of I n and J instead of J 2n .
Recall that GL(n, C) is the group of n × n invertible complex matrices and SL(n, C) is the subgroup of GL(n, C) of the matrices with determinant 1. The orthogonal group O(n, C) is the subgroup of matrices M ∈ GL(2n, C) satisfying t M M = I. It is the group of matrices of GL(2n, C) preserving the symmetric bilinear form defined by I. The special orthogonal group SO(n, C) is defined as SL(n, C)∩O(n, C). At last, the symplectic group Sp(2n, C) is the subgroup of matrices M ∈ SL(2n, C) satisfying t M JM = J. It is the group of matrices of GL(2n, C) preserving the skew-symmetric form defined by J.
Observe that when we will have to deal with a bilinear or Hermitian form, we will abusively identify it to its matrix in the canonical basis of C n . If M ∈ GL(n, C), we let M * or t M denote the adjoint of M for the usual Hermitian product.
Real forms of classical complex groups
For a classical group G C , there are several ways to define and classify its real forms, which agree most of the time. It is possible to define a real form of G C as the fixed points of an anti-holomorphic involution. In this case, we can consider real forms up to an automorphism of G C . However, since we will consider objects up to conjugation in G C for the character varieties, we shall consider real forms up to inner automorphisms. As pointed out by Adams in [Ada08], these two definitions give the same objects most of the time. In our case, the only difference will come from the group SO(4m, H), that we define later.
Another possibility is to consider the real forms of classical groups as defined by Onishchik and Vinberg in [OV94, p. 101] . If G C is a complex algebraic subgroup, a real algebraic subgroup G R is said to be a real form of G C if the identity embedding G R ⊂ G C extends to an isomorphism G R ⊗ C → G C . Again, we can consider such real groups up to automorphisms or up to inner automorphisms. The two definitions agree, and agree with the fixed points of an anti-holomorphic involution, for all our examples besides the groups SO(2m, H); we will state a remark about this point.
In any case, there is an explicit list of representatives of real forms of G C . For our statements, a real form of a classical group will be an element of Table 1. In the rest of the section, we recall the definitions of the groups of the table. For details on the classification at the level of Lie algebras, see for example the books of Knapp [Kna02] , Helgason [Hel08] , or Onishchik and Vinberg [OV94] . If n is odd, the real forms of GL(n, C) up to inner automorphism are GL(n, R) and the unitary groups U(p, q), where p ≥ q are non-negative integers such that p + q = n. These last groups are the groups preserving a Hermitian form with signature (p, q). If n = 2m is even, the same groups are real forms of GL(n, C), but there is another one: the quaternionic group GL(m, H). The real forms of SL(n, C) are the intersections of the real forms of GL(n, C) with SL(n, C). We let them be denoted SL(n, R), SU(p, q) and, when n = 2m is even, SL(m, H). The groups are defined as follows:
The compact forms of GL(n, C) and SL(n, C) are respectively U(n, 0), and SU(n, 0), found also as U(n) and SU(n), while the split forms are GL(n, R) and SL(n, R). 
Symplectic groups
For n ∈ N and p, q ∈ N such that p ≥ q and p + q = n we define the groups Sp(2n, R) and Sp(2p, 2q) as follows:
The real forms of the complex Lie group Sp(2n, C) up to inner automorphism are precisely the groups Sp(2n, R) and Sp(2p, 2q). The compact form of the group is Sp(2n, 0), denoted sometimes Sp(n) or USp(n), while the split form is Sp(2n, R). We conclude this subsection by two remarks that might be useful later.
Remark 2.2. We have Sp(2n, 0) = Sp(2n, C)∩U(2n) = Sp(2n, C)∩SL(n, H) = SL(n, H)∩U(2n).
Remark 2.3. If G is a real form of Sp(2n, C), then G preserves a Hermitian form.
Proof. The remark is immediate for the groups Sp(2p, 2q), which are defined as preserving the Hermitian form of matrix K p,q . Since a matrix M ∈ Sp(2n, R) is real, it satisfies t M JM = J, and therefore t M (iJ)M = iJ. since the matrix iJ is Hermitian, the group Sp(2n, R) preserves the Hermitian form iJ, which has signature (n, n).
Orthogonal groups
The real forms of O(n, C) up to isomorphism are the groups O(p, q) for p + q = n when n is odd. These are the real groups preserving a real quadratic form of signature (p, q). If n = 2m is even, there is another real form, namely the quaternionic group O(m, H). The real forms of the group SO(n, C), up to isomorphism, are the intersections with SL(n, C) of the real forms of O(n, C). These groups are defined as follows:
We let O(n) and SO(n) denote the groups O(n, 0) and SO(n, 0); they are the compact forms of O(n, C) and SO(n, C). The split forms are O(m + 1, m) and SO(m, m + 1) if n = 2m + 1 is odd and O(m, m) and SO(m, m) if n = 2m is even. Notice also that the notation for the group SO(m, H) is not standard, other common notations for the group are SO * (2n) are SU * (2n).
Remark 2.4. Since the matrices in GL(n, H) have positive determinant, with our definition we have O(n, H) = SO(n, H). We will keep the most common notation SO(n, H) for the group, but we will consider it at the same time as a real form of O(2n, C) and of SO(2n, C). It is, indeed, the set of fixed points of an anti-holomorphic involution of O(2n, C), but SO(n, H) ⊗ C ≃ SO(2n, C).
Since the definitions above do not give subgroups of O(n, C) and SO(n, C) for some real forms, we need to set some more notation in order to work with actual subgroups. We will keep the usual definition of the groups O(p, q) and SO(p, q). However, we will consider the copies of these groups obtained by conjugation by a matrix D p,q in order to deal with subgroups of O(n, C). Let D p,q be the matrix
. Thus, we define the groups O p,q and SO p,q as follows:
Finally, we will need to define an extra real group in dimension n = 4m. Let P 0 ∈ O(4m, C)− SO(4m, C) be a matrix fixed once and for all. We define SO − (2m, H) as follows
Remark 2.5. By definition, the groups SO(2m, H) and SO − (2m, H) are conjugated in O(4m, C). However, they are not conjugated in SO(4m, C).
Proof. If they were, there would be a matrix K ∈ O(4m, C) with determinant −1 that stabilizes SO(2m, H) by conjugation. Then, for all M ∈ SO(2m, H), we have
commutes with SO(2m, H), and therefore is a homothety. Thus, there is λ ∈ C such that
and has positive determinant, which is a contradiction. Now suppose that λ = −1, so KJ = −JK. Consider the matrix by blocks
It is real, has determinant 1 and satisfies
′ ∈ GL(2m, H) and has positive determinant. Since det(K ′ ) = 1, we have det(K) > 0, which is also a contradiction.
Observe that in dimension 4m + 2, there is no need for considering two copies of SO(2m + 1, H), since they are all conjugated in SO(4m + 2, C). Indeed, the matrix 0
0 is orthogonal, has determinant −1 and stabilizes SO(2m + 1, H) by conjugation.
Character varieties for classical groups
In this section, we describe the construction and state some facts about the character varieties for classical groups, namely GL(n, C), SL(n, C), Sp(2n, C), O(n, C) and SO(n, C). For the latter two, we will need to distinguish the cases where n is even or odd. Observe that the classical groups are all algebraic subgroups of some GL(n, C). Let Γ be a finitely generated group, and G C be a classical group. If Γ is generated by {γ 1 , . . . , γ s }, we can consider Hom(Γ, G C ) as an algebraic set by identifying it to the image of the map
Indeed, the map is injective since {γ 1 , . . . , γ s } generates Γ; and the image is an algebraic set, since the relations of the group become polynomial equations. A change on the set of generators leads to a polynomial map between the two images, so the algebraic structure of Hom(Γ, G C ) is well defined and independent from the choice of generators. We would like to consider representations up to conjugation in G C . The group G C acts on Hom(Γ, G C ) by conjugation, but the usual quotient Hom(Γ, G C )/G C does not behave well in general; in general it is not a Hausdorff space. The G C -character variety of Γ is defined as the quotient of Hom(Γ, G C ) by the conjugation action of G C , but in the category of algebraic sets instead of the category of topological spaces. The Geometric Invariant Theory (GIT) theory ensures that this quotient is well defined and its ring of functions is the ring of functions of Hom(Γ, G C ) which are invariant by conjugation by elements of G C . We let Hom(Γ, G C )//G C or X G C (Γ) denote it. For a complete construction, see for example the review of Sikora [Sik12] .
However, it is sometimes useful to consider the character variety as a possible non reduced affine scheme, as described also in [Sik12] or [MS16] . Let C[Hom(Γ, G C )] be the ring of functions of Hom(Γ, G C ) and C[Hom(Γ, G C )]
G C the ring of invariant functions by the action by conjugation of Sik12] or the background given by Heusener in [Heu16], we will mainly consider character varieties as algebraic sets. The character variety X G C (Γ), as an algebraic set, is the set of complex points of X G C (Γ) and corresponds to the set of closed orbits of Hom(Γ, G C ) for the action of G C by conjugation. These orbits are precisely the ones of poly-stable representations. In the terms of Sikora in [Sik12] , the poly-stable representations are precisely the completely reducible ones. Thus, above each point of the character variety X G C (Γ) there is a unique completely reducible representation up to conjugacy.
When the group G C is GL(n, C), this notion coincides with the semi-simplicity of a representation; we use the same terminology as Heusener in [Heu16] . We say that ρ ∈ Hom(Γ, GL(n, C)) is irreducible if the only stable subspaces of C n by Im(ρ) are C n and {0}. We say that a representation ρ ∈ Hom(Γ, GL(n, C)) is semi-simple if it is a direct sum of irreducible representations. Since the classical complex groups G C are defined as subgroups of some GL(n, C), we will say that a representation ρ ∈ Hom(Γ, G C ) is irreducible if it is irreducible as a representation in Hom(Γ, GL(n, C)). This definition implies other usual notions of irreducible, such as not being contained in a proper parabolic subgroup.
Besides this section, we will always consider the character varieties as affine algebraic sets, and not as schemes. However, a generating set for the algebra of invariant functions gives coordinates for the character variety X G C (Γ). Indeed, if {f 1 , . . . , f k } is a generating set, the character variety X G C (Γ) is identified with the image of the map
Observe that the map factors through X G C (Γ) since the functions f i are invariant by conjugation. The map gives therefore an injective polynomial map from X G C (Γ) to C k . For ρ ∈ Hom(Γ, G C ), we let χ ρ denote the image of rho in X G C (Γ). We will often identify it, abusively, with the corresponding point of C k when choosing coordinates for the character variety. Before describing the coordinates for character varieties for each classical group, we need to make a last observation. If Γ is generated by s elements and F s is the free group of rank s, then Hom(Γ, G C ) ⊂ Hom(F s , G C ) is Zariski-closed. Since the conjugation by G C is the same for both representation varieties, we have an inclusion
Thus, a set of coordinate functions for F s -representations will also be a set of coordinate functions for Γ-representations.
In the rest of the section, we will describe generating sets of functions for X G C (F s ), and thus coordinates for the character varieties X G C (Γ).
G C -character varieties
We consider here the character varieties for almost all the classical groups. Namely, in this subsection G C will be one of the groups GL(n, C), SL(n, C), O(n, C), Sp(2n, C) and SO(2m+1, C). The remaining cases are the even orthogonal groups SO(2m, C), that we discuss in the next section.
In the case considered here, the trace functions play a capital role, since the algebra of invariant functions is generated by them. Consider the trace functions defined as follows:
Definition 3.1. For γ ∈ Γ, we call the trace function of γ the function
It is an invariant function for GL(n, C)-conjugation.
We have also the following theorem, about the algebra of invariant functions in the case of representations of free groups. The result is proved by Procesi in [Pro76] for the groups SL(n, C) and GL(n, C) (Theorem 1.3), O n (C) (Theorem 7.1) and Sp(2n, C) (Theorem 10.1). In [Sik13] , Sikora shows that for a finitely generated group Γ and n ∈ N, the ring of functions of the SO(2n + 1, C)-character varieties of Γ are generated by the trace functions, as a consequence of the results of Procesi. More precisely, in the case of GL(n, C) and SL(n, C) Procesi gives in [Pro76, Theorem 3.4] an explicit set of generators by considering the words of length ≤ 2 n − 1 in the generators of F m . In the same article, he also gives generating sets for orthogonal and symplectic character varieties with the same type of bounds on length. In [Sik13] , Sikora gives more efficient generating sets.
Therefore, if γ 1 , . . . , γ s ∈ Γ are such that τ γ1 , . . . , τ γs generate C[Hom(F m , GL(n, C)] G C , then we can identify X G C (Γ) with the image of the map
Since we have an inclusion of character varieties of finitely generated groups into character varieties of free groups, the result also holds for finitely generated groups.
SO(2n,C)-character varieties
For SO(2n, C)-representations, the set of trace functions does no longer generate the ring of invariant functions, as pointed out by Sikora in [Sik17] . However, following [Sik13] , generating sets for the algebra of invariant functions are still known in this case. Consider the function
Since the function Q 2n is invariant under SO(2n, C)-conjugation, it induces an invariant function Q γ1,...,γn on Hom(Γ, SO(2n, C)) defined by
The following theorem, due to Sikora, gives a generating set for the invariant functions in the SO(2m, C) case.
Theorem 3.3. ([Sik13, Theorem 8])
The ring C[Hom(Γ, SO(2n, C))] SO(2n,C) is generated by the trace functions and by the functions Q γ1,...,γn for γ 1 , . . . , γ n ∈ Γ.
As a consequence of the previous theorem, we can use the trace functions and the functions Q γ1,...,γn as coordinates for the character variety X SO(2n,C) (Γ).
Maps between character varieties
By the previous sections, we know that if G 1 and G 2 are two groups among GL(n, C), SL(n, C),
G2 are generated by the trace functions. Hence, if
G1 . Therefore, by considering the spectrum, we obtain the embedding of schemes
Consider first the case of odd dimension, and the subgroups of GL(2n + 1, C). In this case, the ring of invariant functions is generated by trace functions for all the classical subgroups. We have the following commutative diagram of representations:
Therefore, it induces the following commutative diagram of character varieties, where all the arrows are embeddings:
The situation is the same in even dimension, except from the case SO(2n, C), for which the ring of invariant functions is not generated by trace functions. However, the trace functions are invariant by SO(2n, C)-conjugation, so there are natural maps C[Hom(Γ, SL(2n, C))]
. The situation of the representation varieties is described by the following commutative diagram:
Therefore, we have the following diagram for the corresponding character varieties, where all the arrows are embeddings, except from the ones with source X SO(2n,C) (Γ).
The two maps with source X SO(2n,C) (Γ) are at most 2 : 1. Indeed, if ρ 1 , ρ 2 ∈ Hom(Γ, SO(2n, C)) are semi-simple representations with the same image in X O(2n,C) (Γ), then they are conjugated in O(2n, C). Consider a fixed matrix M ∈ O(2n, C) − SO(2n, C) and let P ∈ O(2n, C) such that for all γ ∈ Γ, P ρ 1 (γ)P −1 = ρ 2 (γ). Since SO(2n, C) is of index two in O(2n, C), we have two cases. If P ∈ SO(2n, C), then ρ 1 and ρ 2 define the same point in X SO(2n,C) (Γ). If P / ∈ SO(2n, C), then P M ∈ SO(2n, C) and ρ 2 is conjugated to the representation γ → M ρ 1 (γ)M −1 , and thus defines the same point in X SO(2n,C) (Γ). Hence the arrow X SO(2n,C) → X O(2n,C) is at most 2 : 1.
Since the diagram is commutative and the two other arrows are embeddings, we deduce that the arrow X SO(2n,C) → X SL(2n,C) is at most 2 : 1 as well.
Definition
In [Aco19], we defined the character variety of a finitely generated group Γ for a real form G of SL(n, C) as the image of Hom(Γ, G) by the projection Hom(Γ, SL(n, C)) ։ X SL(n,C) (Γ).
Following the same idea, we give a definition for the character variety for a real form of a classical complex group. Observe that, by definition,
Definition 3.4. Let n be a positive integer, Γ a finitely generated group and G C be one of the groups GL(n, C),
Now, we consider the anti-holomorphic involutions of the different character varieties induced by the involutions A → A and A → t A −1 of GL(n, C). We will have to deal with two different cases; depending on the fact that the invariant functions are generated by trace functions or not. We observe that the character varieties for real forms, as defined above, lie in the fixed points of these anti-holomorphic involutions.
When the ring of functions is generated by trace functions
We consider here the first case, which holds if G C is one of the groups GL(n, C), SL(n, C), O(n, C), SO(2n + 1, C) or Sp(2n, C). In this case, the ring of invariant functions of Hom(Γ, G C ) is generated by trace functions.
Proposition 3.5. Let G C be one of the groups GL(n, C), SL(n, C), O(n, C), SO(2n + 1, C) or Sp(2n, C). Then:
The involution
Proof. Let us begin by proving the first two assertions. We know that the ring of invariant functions of Hom(Γ, G C ) is generated by a finite number of trace functions. Hence, there exist γ 1 , . . . , γ s ∈ Γ such that X G C (Γ) is isomorphic to the image of the map
By considering a larger set, we can suppose that s = 2t, that {γ 1 , . . . , γ 2t } generates Γ and for all i ∈ {1, . . . , t} we have γ i+t = γ −1 i . Consider a point χ ∈ X G C (Γ) and a representation ρ ∈ Hom(Γ, G C ) such that χ = χ ρ . Since the groups O(n, C), SO(2n + 1, C) and Sp(2n, C) are stable by the involutions A → A and A → t A −1 , the representations ρ 1 and ρ 2 given by ρ 1 (γ) = ρ(γ) and ρ 2 (γ) = t ρ(γ) −1 belong to
Since for all i ∈ {1, . . . , t} we have
. . , z t , w 1 , . . . , w t ), then we have (w 1 , . . . , w t , z 1 , . . . , z t ) . (z 1 , . . . , z t , w 1 , . . . w t ) → (z 1 , . . . , z t , w 1 , . . . , w t )   (z 1 , . . . , z t , w 1 , . . . w t ) → (w 1 , . . . , w t , z 1 , . . . , z t ).
Therefore, the maps
define two anti-holomorphic involutions Φ 1 and Φ 2 on X G C (Γ).
Let us prove now the third assertion. If G C is one of the groups O(n, C), SO(2n + 1, C) or Sp(2n, C), then there is bilinear form B preserved by G C . Thus, if A ∈ G C , we have We will keep the notation of the above proposition for the involutions Φ 1 and Φ 2 . If the group G C is one of the groups O(n, C), SO(2n + 1, C) or Sp(2n, C), the two involutions are equal, and Φ denote them. Let X
) be the set of fixed points of Φ 1 (respectively Φ 2 and Φ) in X G C (Γ).
Remark 3.6. We have the following inclusions:
The case SO(2n,C)
First, observe that in the group SO(2n, C), the involutions A → A and A → t A −1 are equal, so we only need to consider one of them for the computations.
Proposition 3.7. The involution A → A induces an anti-holomorphic involution Φ on X SO(2n,C) (Γ).
Proof. We know that the ring of invariant functions of Hom(Γ, SO(2n, C)) is generated by a finite number of trace functions and of functions of the form Q γ1,...,γn . Let γ 1 , . . . , γ m ∈ Γ and c 1 , . . . , c s ∈ Γ n such that τ γ1 , . . . , τ γm , Q c1 , . . . , Q cs generates the ring of invariant functions. Hence, X SO(2n,C) (Γ) is isomorphic to th image of the map
Let χ ∈ X SO(2n,C) (Γ) and ρ ∈ Hom(Γ, SO(2n, C)) such that χ = χ ρ . Since SO(2n, C) is stable by A → A, the representation ρ defined by ρ(γ) takes values in SO(2n, C). Since the trace and the function Q 2n commute with the complex conjugation, if Ψ(ρ) = (z 1 , . . . , z m , w 1 , . . . , w s ), then Ψ(ρ) = (z 1 , . . . , z m , w 1 , . . . , w s ). Therefore, the map (z 1 , . . . , z m , w 1 , . . . , w s ) → (z 1 , . . . , z m , w 1 , . . . , w s )
induces an anti-holomorphic involution of X SO(2n,C) (Γ). Now, observe that we have the same inclusions of character varieties as before.
Remark 3.8. We have the following inclusions:
Lifts of real irreducible characters
In [Aco19], we proved the following result, by finding the appropriate conjugating matrices. SU(p, q) . The proof provided in [Aco19] works mutatis mutandis for GL(n, C)-character varieties, so we will consider that the theorem above holds also in this case. In order to complete the proof of Theorem 1.1, it only remains to prove similar statements for symplectic and orthogonal groups. Recall that, in these cases, we say that a representation is irreducible if it is irreducible as a representation with values in GL(n, C). Observe that, in fact, we could consider good representations as defined by Sikora in [Sik12, p. 5185], since the only consequence of irreducibility that is used is that the commutator of the image of an irreducible representation is the center of the group.
For completeness, we give a general argument for proving a statement similar to Theorem 1.1, but where a real form of a complex group is interpreted as an anti-holomorphic involution of the group. We will then give elementary proofs of the symplectic and orthogonal cases in Subsections 4.1 and 4.2, giving hints on how to find an explicit conjugation to a fixed real form.
Let G C be a classical complex group and Φ be an anti-holomorphic G C , inducing an involution Φ on the character variety X G C (Γ). If ρ ∈ Hom(Γ, G C ) is an irreducible representation such that χ ρ ∈ X Φ G C (Γ), then ρ and Φ • ρ are irreducible representations that have the same character, and are therefore conjugate in G C . The following proposition allows to conclude. Proof. Let P ∈ G C such that for all γ ∈ Γ we have ρ(γ) = P Φ(ρ(γ))P −1 . We have
Thus, P Φ(P ) commutes to the whole image of ρ, so, by Schur's lemma, it is a homothety. Consider now the map
On the one hand, for all γ ∈ Γ we have ϕ(ρ(γ)) = ρ(γ). On the other hand, ϕ is an involution, since ϕ 2 (A) = P Φ(P )A(P Φ(P )) −1 = A. Since ϕ is anti-holomorphic, it is an anti-holomorphic involution of G C fixing the image of ρ.
Real irreducible symplectic characters
We deal first with the symplectic case. We begin by stating some preliminary results, namely that irreducible symplectic representations preserve at most one symplectic form, and that if two of them are conjugated in SL(2n, C) then they are conjugated in Sp(2n, C). Recall that we say, in this article, that a representation ρ ∈ Hom(Γ, Sp(2n, C)) is irreducible if it is irreducible as a representation with values in GL(2n, C).
Lemma 4.3. Let ρ ∈ Hom(Γ, GL(n, C)) be an irreducible representation. If the image of ρ preserves two non degenerate bilinear forms with matrices J 1 and J 2 , then there exists λ ∈ C * such that J 1 = λJ 2 .
Proof. Let γ ∈ Γ. Since ρ(γ) preserves the two bilinear forms, we have
2 . We deduce that J −1
1 J 2 commutes with ρ(γ). Therefore J −1 1 J 2 commutes to the whole image of ρ. Since ρ is irreducible, there exists λ ∈ C * such that J 1 = λJ 2 .
Lemma 4.4. Let ρ 1 , ρ 2 ∈ Hom(Γ, Sp(2n, C)) be two irreducible representations. If they are conjugate in SL(2n, C), then they are conjugate in Sp(2n, C). where Λ ∈ GL(n, R) is a diagonal matrix. Since Λ is a real symmetric matrix, there exists A ∈ GL(n, R) and p, q ∈ N such that In particular, r = n and H has signature (n, n). Furthermore, the two sets of eigenvectors are orthogonal to each other since they correspond to non-overlapping sets of eigenvalues of the Hermitian matrix H.
We construct the matrix V by columns as:
It is clear that the matrix V is unitary, and since the columns of V are eigenvectors of H, we have
It remains to verify that V is symplectic. Let W be the matrix by columns
We have:
Since the columns of W are orthonormal, we have We now have all the tools to complete the proof of Theorem 1.1 in the symplectic case. The result is given the following proposition.
Proposition 4.9. Let ρ ∈ Hom(Γ, Sp(2n, C)) be an irreducible representation. Suppose that Φ(χ ρ ) = χ ρ . Then ρ is conjugated in Sp(2n, C) to a representation with values in Sp(2n, R) or there exist p, q ∈ N with p + q = n such that ρ is conjugated in Sp(2n, C) to a representation with values in Sp(2p, 2q) .
Proof. The character χ ρ of the representation ρ is a fixed point of the involution Φ. Hence, χ ρ is a fixed point of the involution Φ 2 of X SL(2n,C) (Γ). By Theorem 4.1, the image of ρ preserves a Hermitian form H. Hence, for all γ ∈ Γ, we have:
Consider now the representation σ ∈ Hom(Γ, SL(2n, C)) given by
On the one hand, since the involution A → t A −1 stabilizes Sp(2n, C), representation σ takes values in Sp(2n, C) . On the other hand, since σ(γ) = Hρ(γ)H −1 , the image of σ preserves the bilinear form t H −1 JH −1 . By Lemma 4.3, there exists λ ∈ C such that t H −1 JH −1 = λJ. We can rewrite it as t HJHJ = −λ −1 I 2n . Using the fact that H is Hermitian, we deduce:
Since tr( t HJHJ) = tr(HJ t HJ), we obtain that −2nλ
after multiplying H by a real scalar, we can suppose that λ = ±1. It remains to consider the two cases λ = 1 and λ = −1.
First case: λ = 1. We know that t HJH = J. By the result of Fassbender and Ikramov in Proposition 4.5 and Corollary 4.6, we know that there exist a symplectic matrix S and p, q ∈ N such that H = SK p,q S * . Consider now the representation τ given by τ (γ) =
Since S ∈ Sp(2n, C), τ takes values in Sp(2n, C), and since it is conjugated to ρ, its image preserves the Hermitian form SHS * = K p,q . Therefore, τ ∈ Hom(Γ, Sp(2p, 2q)) and is conjugated to ρ in Sp(2n, C).
Second case: λ = −1. We know then that t HJH = −J. By Proposition 4.7 and Corollary 4.8, there exists a symplectic matrix S such that t SHS = I n,n . In the same way, since iJ is symplectic and t (iJ)J(iJ) = −J, there exists a symplectic matrix S 1 such that t S 1 (iJ)S 1 = I n,n . Let τ be the representation defined by τ (γ) = (
The representation τ is conjugated to ρ in Sp(2n, C). Furthermore, since ρ preserves the Hermitian form H, τ preserves the following Hermitian form:
Therefore, for γ ∈ Γ, we have:
Hence, τ (γ) = τ (γ), i.e. τ takes values in Sp(2n, R).
Remark 4.10. In the proof, we used the results of conjugation in SL(2n, C) for the involution Φ 2 of X SL(2n,C) (Γ). Since the involutions Φ 1 and Φ 2 are equal when restricted to Sp(2n, C), we can also consider the results for the involution Φ 1 . We know, by Theorem 4.1, that an irreducible representation with character fixed by Φ 1 is conjugated in SL(2n, C) to a representation with values in SL(2n, R) or to a representation with values in SL(n, H). In the first case, we recover representations with values in Sp(2n, R), and in the second case we recover all the other real forms, namely Sp(2p, 2q).
Real irreducible orthogonal characters
In this subsection, we complete the proof of Theorem 1.1 by considering the orthogonal and special orthogonal groups. We need to deal separately with odd and even orthogonal groups, since the real forms and the invariant rings of functions are essentially different in both cases.
Recall that, in this article, we say that a representation ρ ∈ Hom(Γ, O(n, C)) or Hom(Γ, SO(n, C)) is irreducible if it is irreducible as a representation with values in GL(n, C). We begin by stating a preliminary lemma.
Lemma 4.11. Let ρ 1 , ρ 2 ∈ Hom(Γ, O(n, C)) be two irreducible representations. If they are conjugated in GL(n, C), then they are conjugated in O(n, C).
Proof. Let Q ∈ GL(n, C) such that ρ 2 (γ) = Qρ 1 (γ)Q −1 . Thus, the representation ρ 2 preserves the non-degenerate bilinear forms given by the matrices I n and t Q −1 Q −1 . By Lemma 4.3, since ρ 2 is irreducible, there exists λ ∈ C * such that
1 = I n and Q 1 still conjugates ρ 1 to ρ 2 .
Odd orthogonal groups
We are now able to prove Theorem 1.1 for odd orthogonal groups. The result for O(2n + 1, C) is given in the following proposition. Since −I 2n+1 is in the center of O(2n + 1, C) and has determinant −1, we deduce immediately the same statement for SO(2n + 1, C). Proof. Since the irreducible representations ρ and ρ have the same character in X O(2n+1,C) (Γ), they have the same character in X GL(2n+1,C) (Γ). By Theorem 4.1, there exists Q ∈ GL(2n+ 1, C) such that for all γ ∈ Γ we have Qρ(γ)Q −1 = Qρ(γ)Q −1 . Consider the representation σ ∈ Hom(Γ, GL(2n + 1, R)) given by γ → Qρ(γ)Q −1 . Since it is conjugated to ρ, it preserves the complex bilinear form with matrix
By considering the real and the imaginary part of the identity t σ(γ)(A + iB)σ(γ) = A + iB, we obtain that for all γ ∈ Γ we have t σ(γ)Aσ(γ) = A and t σ(γ)Bσ(γ) = B. Therefore, for all λ ∈ R and for all γ ∈ Γ we have t σ(γ)(A + λB)σ(γ) = A + λB. We know that det(A + λB) is a polynomial in λ that equals 1 when λ = i. Hence, there exists λ 0 ∈ R such that A + λ 0 B is invertible. Let C = A + λ 0 B. It is the matrix of a non-degenerate real bilinear form preserved by σ. Thus, the image of σ is contained in O(C). If C is of signature (p, q), there exists a matrix R ∈ GL(2n + 1, R) such that C = Proof. Since X SO(2n+1,C) is embedded in X O(2n+1,C) (Γ), we know that χ ρ ∈ X Φ O(2n+1,C) (Γ). By Proposition 4.12, we know that there exist p, q ∈ N and Q ∈ O(2n + 1, C) such that for all γ ∈ Γ we have Qρ(γ)Q −1 ∈ O p,q . Since the determinant is invariant by conjugation, we know that Qρ(γ)Q −1 ∈ SO p,q . It only remains to show that we can choose Q ∈ SO(2n + 1, C). If det(Q) = 1, then Q ∈ SO(2n + 1, C), if not, det(Q) = −1 and −Q ∈ SO(2n + 1, C) conjugates ρ to a representation with values in SO p,q .
Even orthogonal groups
Now, we prove the last part of Theorem 1.1, namely the one concerning even orthogonal groups. We begin by proving some preliminary results.
Lemma 4.14. Let H ∈ GL(2n, C) be a Hermitian matrix such that
Proof. Let λ ∈ R * be an eigenvalue of H and v ∈ C 2n a corresponding eigenvector. We know that Hv = λv. By taking the complex conjugation, we know that Hv = λv. Since H is Hermitian and t HH = −I 2n , H = −H −1 and we can re-write this last equality as −λ −1 v = Hv. Thus, v is an eigenvector of H for the eigenvalue −λ −1 . Therefore, the spectrum of H (counted with multiplicity) is stable under λ → −λ −1 . In particular, H has signature (n, n). n . Since they are eigenvectors for two disjoints sets of eigenvalues of H, the sets (v 1 , . . . , v n ) and (v 1 , . . . , v n ) are orthogonal, and (v 1 , . . . , v n , v 1 , . . . , v n ) is an orthonormal basis of C 2n . Let V ∈ GL(2n, C) be the matrix with columns v 1 , . . . , v n , v 1 , . . . , v n . By construction, V is unitary and, if Λ ∈ GL(n, R) is the diagonal matrix with entries (λ 1 , . . . , λ n ) we have
We compute now t V V . The entries of this matrix are of the form t vw where v and w belong to the set {v 1 , . . . , v n , v 1 , . . . , v n }. Since it is a set of orthonormal vectors, t vw = 0 unless v = w, and in that case we have t ww = 1. Hence,
Let D ∈ GL(n, R) be the diagonal matrix with entries (λ 1 )
and M = V A. On the one hand, we have
On the other hand, the matrix A is orthogonal for the symmetric bilinear form
Proposition 4.15. Let H ∈ GL(2n, C) be a Hermitian matrix such that
Proof. On the one hand, by Lemma 4.14, we know that there exists A ∈ GL(2n, C) such that t AHA = I n,n and t AA = 0 I n I n 0 . On the other hand, since iJ is a Hermitian matrix satisfying t (iJ)(iJ) = −I 2n , we can apply Lemma 4.14 again. Thus, there exists B ∈ GL(2n, C) such that t B(iJ)B = I n,n and
We are now able to prove Theorem 1.1 for even orthogonal groups. The result is given in the following proposition. Proof. Since the irreducible representations ρ and t ρ −1 have the same character in X O(2n,C) (Γ), they have the same character in X GL(2n,C) (Γ). By Theorem 4.1, the image of ρ preserves a non-degenerate Hermitian form H. We know that for all γ ∈ Γ, we have we know that there exists Q ∈ GL(2n, C) such that H = Q −1 Q. Therefore, for all γ ∈ Γ, we have Qρ(γ)Q −1 = Qρ(γ)Q −1 , i.e. Qρ(γ)Q −1 ∈ GL(2n, R). The rest of the proof is exactly the same as the proof of Proposition 4.12.
Second case:
t HH = −I 2n . By Lemma 4.14 and Proposition 4.15, there exists M ∈ O(2n, C) such that t M HM = iJ. Consider the representation σ ∈ O(2n, C) given by σ(γ) = M ρ(γ)M −1 . Since it is conjugated to ρ, it preserves the Hermitian form
Hence, σ(γ) ∈ GL(n, H), and σ ∈ Hom(Γ, O(n, H)).
Finally, we conclude with the proof for SO(2n, C). This completes the proof of Theorem 1.1. Proof. Let π : X SO(2n,C) → X O(2n,C) (Γ) be the projection map. Since χ ρ ∈ X Φ SO(2n,C) (Γ), we know that π(χ ρ ) ∈ X Φ O(2n,C) (Γ). By Proposition 4.16, we know that either ρ is conjugated in O(2n, C) to a representation with values in O(n, H) or there exist p, q ∈ N with p + q = 2n such that ρ is conjugated in O(2n, C) to a representation with values in the copy O p,q of O(p, q). Since the determinant is invariant by conjugation, we know that there exists a real form G R of SO(2n, C) and Q ∈ O(2n, C) such that Qρ(γ)Q −1 ∈ G R . It only remains to show that we can choose Q ∈ SO(2n, C). If det(Q) = 1, then Q ∈ SO(2n, C) and we have nothing to do. Now, suppose that det(Q) = −1. We need to consider three cases.
First case: G R = SO(p, q). In this case, consider the matrix I 2n−1,1 ∈ O(p, q)−SO(p, q). Since it has determinant −1 and stabilizes SO(p, q) by conjugation, we know that I 2n−1,1 Q ∈ SO(2n, C) and (I 2n−1,1 Q)ρ(γ)(I 2n−1,1 Q) −1 ∈ SO(p, q) for all γ ∈ Γ.
Second case: G R = SO(2n, H) and n = 2m + 1 is odd. In this case, consider the matrix
. It has determinant −1 and stabilizes SO(2n, H) by conjugation, so KQ ∈ SO(2n, C) and (KQ)ρ(γ)(KQ) −1 ∈ SO(2n, H) for all γ ∈ Γ.
Third case: G R = SO(2n, H) and n = 2m is even. In this case, consider a matrix P 0 ∈ O(2n, C) − SO(2n, C) that conjugates SO(2n, H) and SO − (2n, H). It has determinant −1, so P 0 Q ∈ SO(2n, C) and (P 0 Q)ρ(γ)(P 0 Q) −1 ∈ SO − (2n, H) for all γ ∈ Γ.
Character varieties for the compact real forms
Recall that one of the motivations for the construction of character varieties is that in general, if Γ is a finitely generated group and G a topological group, the quotient topology on Hom(Γ, G)/G may not be Hausdorff. However, if G is compact, Hom(Γ, G)/G is a compact space for the quotient topology. A question which arises naturally is if K is a compact real form of a classical complex group, the topological quotient Hom(Γ, K)/K is homeomorphic to the character variety X K (Γ) defined as a subset of the character variety of the complex group. In [Aco19] , this fact is proven for the SU(n)-character varieties. The exact same proof works for U(n)-character varieties.
We give here a general proof, where the main part is given in Remark 4.7 of the article of Florentino and Lawton [FL13] . The key point is the existence and uniqueness of the polar decomposition. Recall that for M ∈ GL(n, C), there is a unique pair (U, H) with U ∈ U(n) and H a positive definite Hermitian matrix such that M = U H.
The same polar decomposition exists also for the classical groups. In that case, as a consequence of the uniqueness in the polar decomposition, the two factors are also in the classical group, as stated in the following remark.
Remark 5.1. Let U ∈ U(n), H ∈ GL(n, C) a positive definite Hermitian matrix and G C be one of the groups SL(n, C), O(n, C), SO(n, C) and Sp(2n, C). If U H ∈ G C , then U ∈ G C and H ∈ G C .
The following statement is the same as Remark 4.7 of [FL13] . We give the proof again for completeness.
Proposition 5.2. Let G C be one of the groups GL(n, C), SL(n, C), O(n, C), SO(n, C) and Sp(2n, C), and K its compact real form. Let ρ, ρ ′ ∈ Hom(Γ, K) be two representations conjugated in G C . Then, ρ and ρ ′ are conjugated in K.
Proof. We are going to prove that if ρ and ρ ′ are conjugated by a matrix P having polar decomposition U H, then U also conjugates ρ and ρ ′ . Let P ∈ G C conjugating ρ and ρ ′ . Let U ∈ U(n) and H ∈ GL(n, C) a positive definite Hermitian matrix such that P = U H. By Remark 5.1, we know that U ∈ K. Now, let γ ∈ Γ. We know that P ρ(γ)P −1 = ρ ′ (γ), so U Hρ(γ)H −1 U −1 = ρ ′ (γ). By manipulating this last equation, we obtain: U ρ(γ)(ρ(γ) −1 Hρ(γ)) = ρ ′ (γ)U H Since ρ(γ) and ρ ′ (γ) belong to K, we have that U ρ(γ) ∈ K, and that ρ ′ (γ)U ∈ K, and ρ(γ) −1 Hρ(γ) and H are positive definite Hermitian matrices. Since the polar decomposition is unique, we have U ρ(γ) = ρ ′ (γ)U and ρ(γ) −1 Hρ(γ) = H. In particular, U ρ(γ)U −1 = ρ ′ (γ).
Lemma 6.3. Let Φ = Φ 1 or Φ 2 be an anti-holomorhphic involution of GL(n, C). Let ρ ∈ Hom(Γ, GL(n, C)) be a semi-simple representation such that ρ and Φ • ρ are conjugated in GL(n, C). Then ρ is conjugated in GL(n, C) to a representation of the form
where the ρ i are irreducible representations and ρ i is conjugated to Φ(ρ i ) for i ∈ {1, . . . , r}.
Proof. Since ρ is semi-simple, there exist k ∈ N * , m 1 , · · · , m k ∈ N * and distinct irreducible representations ρ 1 , . . . , ρ k of Γ such that
Since the representations ρ and Φ(ρ) are conjugated in GL(n, C), they have the same irreducible representations as factors with the same multiplicity. However,
so for each i ∈ {1, . . . , k}, either ρ i is conjugate to Φ(ρ i ), or there is some j ∈ {1, . . . , k} such that ρ i is conjugate to Φ(ρ j ). In the second case, the representations ρ i and ρ j have the same multiplicity. Thus, after renumeration of the irreducible representations
Where ρ i is conjugate to Φ(ρ i ) for i ∈ {1, . . . , r} and ρ ′ i is conjugate to Φ(ρ i ) for i ∈ {r+1, . . . , s}. Hence, ρ is equivalent to The representation σ is conjugated to ρ ⊕ ρ and for all γ ∈ Γ we have σ(γ)J 2n = J 2n σ(γ). Hence σ ∈ Hom(Γ, GL(n, H)).
Lemma 6.5. Let ρ ∈ Hom(Γ, GL(n, C)) be any representation. Then, the representation ρ ⊕ Φ 2 (ρ) is unitary for the Hermitian form with matrix 0 I n I n 0 .
unitary for a Hermitian form of signature (r i , r i ), and thus is conjugated to a representation σ i with values in U(r i , r i ). Therefore, ρ is conjugated in GL(n, C) to the representation
that takes values in a product of copies of U(p i , q i ). Thus, by grouping the signatures, there exist p, q ∈ N with p + q = n such that ρ is conjugated to a representation with values in U(p, q).
